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FOREWORD 

This report stems from a study performed spe- 

cifically for Gibbs and Cox,   Ire,   under an Office 

of Naval Research sub-contract,  in which the stability 

of a particular configuration previously tested at the 

Experimental Towing Tank was analyzed (Reference 1). 

The present development, which was performed under ONR 

Contract No. Nonr 263,   Task Order 01.   is more general 

and detailed,  and takes into consideration an addi- 

tional degree of freedom (surging motion). 
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SUMMARY 

The equations of motion describing the longitudinal stability char- 

acteristics of an uncontrolled tandem hydrofoil system in smooth water with 

three degrees of freedom are developed in the present report. The stability 

derivatives in the equations are evaluated on the basis of theoretical hy- 

drodynamic formulas, thereby eliminating the necessity of their experimental 

determination. Comparison of the motions obtained from solution of the equa- 

tions with those determined from previous experimental stability tests in- 

dicates a duplication of the motion experienced in the tank tests. Varia- 

tions in the location of the longitudinal center-of-gravity position are 

shown to lead to different types of motion, which is in agreement, with the 

results of standard aircraft stability analyses. 

The additional degree of freedom in longitudinal surging is found to 

indicate a decrease in stability. This node of motion is of great importance, 

however, for a study of stability in waves where the waves cause variations 

in the forward speed. 

The equations developed in this report may be extended to studies of 

motion in waves and controlled motion by incorporating the forces and mo- 

ments due to wave motion and the dynamics of the control system in the equa- 

tions. By assuming the resultant system of equations to be linear, the analy- 

sis may be performed by using the Laplace transform technique, in the same 

manner as was done in the present study. 
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INTRODUCTION 

The use of hydrofoils fcr the support of craft operating on the sur- 

face of the water appears to be the most promising way of attaining higher 

speeds without prodigious amounts of power or without a prohibitive be- 

havior in a seaway. It is for this reason that the hydrofoil principle, 

while not new, has received considerable attention recently. 

A hydrofoil craft in the foil-borne condition is similar to an air- 

plane in flight. Therefore, it is not surprising that the longitudinal 

stability of hydrofoil boats is one of the problems confronting the de- 

signer. A certain amount of work has already been published on the sta- 

bility of motions of hydrofoil systems in smooth water (see References 2, 

3, and k)t  with the hydrcdynamic derivatives evaluated from experimental 

data and the dovnwash of the forward foil of a tandem system obtained irom 

the aerodynamic theory of a foil far removed from the surface. Subsequent 

studies of the hydrodynamics of foils operating near the free surface have 

yielded theoretical expressions for the lift and drag forces and the down- 

wash which are close approximations to the actual e:*£ects determined ex- 

perinentally (References 5, 6, 7). The downwash at various distances aft 

of the forward hydrofoil may even be an upwash, depending on the forward 

speed and lift coefficient. Alterations in the downwash can, of course, 

aaterially affect the longitudinal stability of hydrofoil craft. 

The present report deals theoretically with the longitudinal sta- 

bility of fully submerged tandem hydrofoil systems in smooth water with 

three degrees of freedom, and utilizes theoretical expressions for the hy- 

drodynamic derivatives. It is a first approach to the problem of developing 

methods of theoretical treatment for the more general case of longitudinal 

stability of hydrofoil systems in rough water. The notation used has been 

adapted from that presented in Reference 6  and affords a simple treatment 

for this complex stability problem. 

In addition, the results of some previous experimental investigations 

are compared with those obtained from the present theoretical study. 
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STATION 

A    =    aspect ratio 

'AS 
propeller "drag" coefficient 

C^ «= D/^ SV  , drag force coefficient in equilibrium condition 

C = L/£ SV  , lift force coefficient in equilibrium condition 

C • M/S SV dc  , pitching moment coefficient 

CT = T/| SVg
2 , thrust coefficient 

c = mean hydrofoil chord 

D * drag 

vertical distance of foil to reference axis of hydrocraft 

acceleration due to gravity 

vertical displacement of hydrofoil from equilibrium, positive downward 

k - 

L « 

JL  - 

M = 

m . m 

submergence of foil below smooth water surface 

_ 2, 2 
^R /JL f  moment of inert.ia coefficient 

radius of gyration of hydrocraft about the lateral axis 

coefficient of accession to inertia 

lift 

distance from 1/U-chord point of front foil to l/U-chord point of 
rear foil,  measured along the reference axis 

pitching moment 

, etc. • stability derivatives 

q • angular velocity in pitch (radians/sec,) 

q a    qt , nondimensional angular velocity 

S • total hydrofoil area 

S_ - area of forward foil 
e 

SD • area of rear foil 

I 
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T =• propulsive thrust 

t = time,  sec. 

* = W/gpSV    ,   unit of aerodynamic  time 

u = increment of velocity along the x-axis in disturbed flight 

u    =    u/V    ,  nondimensional increment of velocity along the x-axis in dis- 
turbed flight 

V =    resultant velocity of hydrocraft in disturbed flight 

V =    velocity of hydrocraft in equilibrium condition 

W    =    all-up weight of hydrocraft 

w    =    increment of velocity along the z-axis in disturbed flight 

w    =    w/V    ,  nondimensional increment of velocity alon.5 the z-axis in dis- 
turbed flight 

x    =    axis fixed in hydrocraft in disturbed flight in direction of motion 
in equilibrium condition 

x_^=    distance along reference axis from C.G.  to l/U-chord point of front 
foil 

x , x ,  x ,   etc.    =    stability derivatives 
u*    wr    qJ ' 

y = lateral axis fixed in hydrocraft 

z = axis normal to x-y plane,  directed downward 

z ,  z ,  z ,  etc.    •    stability derivatives 

a = hydrofoil incidence measured from zero lift 

3 • -H/V t    ,  nondimensional height increment 

A = small increment 

€ • downvrash atsgle at rear foil 

8    •    angle of rotation of toe hydrocraft in pitch from equilibrium con- 
dition 

X • root of the stability quartic (or quintic) 

H" " W/gpSjL , nondimensional mass factor 

p * water density 

r *• t/t , nondimensional time 
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Subscripts 

e    denoting equilibrium value 

F    denoting front foil 

R    denoting rear foil 

ft 

•m 

» 
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BASIC ASSUMPTIONS UKiijuRLYlflO THr, THEORY 

This particular study is limited to the motions of a noncavitating 

tandem hydrofoil configuration in the plane of symmetry. The hydrofoils 

have equal chords, but the spans may differ, allowing different areas and 

consequently different load distributions on each foil. The water surface 

is assumed to be smooth except for disturbances due to the motion of the 

foils that may alter the surface conditions in the immediate neighborhood 

of the foils. Time lag terms are utilizea to express the influence of flow 

phenomena occurring at the forward foil upon the rear foil at a later time 

(due to moving through a distance^). 

There are five variables: u , w , 9 , q , and 8 . Thus, in addition 

to the three usual equations of aerodynamic longitudinal stability, there 

must be two other equations which will be furnished by purely kinematic 

considerations. 

The hydrodynamic force and moment coefficients depend upon only the 

nondimensionalized vertical and angular displacements and linear and angu- 

lar velocities. Terms due to buoyancy are neglected since they are not sig- 

nificant in comparison with the dynamic forces. 

The hydrodynamic lift and drag force coefficients, CT and Cn, are 

considered as functions of the incidence angle, a, the speed, V, and also 

of the depth below the water surface. These coefficients are to be evalu- 

ated at the equilibrium position. 

The effect of thrust variation with speed and depth can be taken into 

account, but is considered to be negligible in the present development. The 

elastic distortion and slipstream effects on the rear foil are to be ne- 

glected. The thrust is assumed to act through the center of gravity and 

along the x-axis. 

In addition, all the simplifications applicable to the equations by 

use of linearization by the method of small disturbances are inherent in 

the present development. 
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AXIS AHD COORDINATES 

The origin is at the center of gravity of the hydrocraft.  The x-axis 

is forward along tne water direction in the equilibrium condition and is 

fixed in the hvdrocraft during the disturbed motion.   The z-axis is down- 

ward in the plane of symmetry of the hydrocraft and perpendicular to the 

x-axis,  while_the y-axis is  to starboard.  The positive direction of the 

angle of rotation in pitch,   8,  is counter-clockwise.  The aocve sign con- 

vention,  as well as a representation of   Live forces ai.d velocities asso- 

ciated with the disturbed motion of the hydrocraft,  is shown in the fol- 

lowing sketch: _ 

m- u.ant 

SKETCH i 
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EQUILIBRIUM CONDITIONS 

When the hydrofoil system is in static equilibrium,  it is moving 

forward at a velocity    V      in the x-direction at a definite depth of sub- 

mergence of the foils and with the reference axis at zero trim.  To achieve 

these conditions,  the following requirements must be satisfied: 

(a) the sum of the forces in the x- and z-directions must equal 
zero, 

(b) the moment about the center of gravity due to the forces on 
the foils must equal zero. 

These conditions are expressed analytically as 

DF • DR - T 

h * LR " W 

».- Vx-V^-^J-VF-VR"
0
   • 

(1) 

(2) 

. 

1 
i 
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EQUATIONS OF MOTION IN DISTURBED FLIGHT 

Force Components Along the x-Axis 

The forces in the x-ciirection in disturbed flight are related by 

the following equation: 

i (dT + wq) •(T + AT) r (LF * ^F * La * V3in0 

- (D,, • AD- • DB •ADjcosw -W sine (3) 

Taking into account the equilibrium conditions  (equation (1))  and ne- 

glecting small quantities of higher order gives 

idT*AT+ (LF + LR)0-  ^Dp*ADR)  -W6 . (h) 

Dividing by   pSV        in order to pass to nondimensional form,  and simpli- 

fying,  yields 

dfi.    ^ 1„A     ADF*ADR      1 
3r 

pSV 
-x * — C w 
7      2    L 

- r c e 
pSV 2 2    L (5) 

From consideration of the aerodynamics of propeller thrust (Reference 6), 

the following equation is obtained: 

AT    - -C..u      with       :; 
pSV, 

2 "U        t 
AS AS        pSV dv     ' (6) 

However,  it will be assumed for the present study that 

A T 

PSV, 

The increment of drag, Ai>, is due to the perturbation quantities 

and is found from the following considerations: 

AD £ S(V • n • qd^C, +p. w • § 9 • !£ H * ^ 0 " I SV "Cn 2   e     H  \ D  0a    (J6    0H    <Jq  /  2  e D 

Security Information 
CONFIDENTIAL 



ixwuemmm -.--..i,.-,,._.- • ... ... 

R-U79 
-10- 

CONFIDENTIAL 
Security Information 

or 

AD 

pSV 

1 /    aCD A 
= ± I c + —- w 

2 \ D da ae    dH     dq •)(> *  2fi + 2 §1 in 
2 °D 

If it is assumed that the pitching velocity motion causes changes 

only in the local angle of attack at each foil and does not influence the 

resultant velocity at the foil, then 

" 2S pSV 
2CT ^(*V *»),-»),-(»/] 

2[S\JH/F     S\aH/RJ      2[s\aq/F     S   \dq / R 
(?) 

The dependence of drag forces on q and w are of insignificant magni- 

tude and hence terms expressing any relations of this type will be ne- 

glected. The effect of downwash on the rear foil and its influence on the 

components making up the stability derivatives is discussed below. 

The contribution to the drag force due to downward velocity w has 

the same effect as that due to changing the angle of incidence at the foils 

by the additional angle w = w/V . Now, taking into account the change 

due to w when the angle of incidence at the rear foil is expressed as 

aR = °e R da W  Vej (8) 

with €   = downwash angle, and considering changes due to w only gives 

w 
V. 

df / w 
da GHC-s) 
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Thus tne component expressing the dependence of the increment in the drag 

force on    w    is given now as 

(9) 

The derivative   dC_/(}8   will not be determined directly as such, 

since,  as mentioned previously,  the hydrodynamic derivatives are assumed 

to be functions of angle of attack,  speed,  and depth of submergence.  This 

derivative will be transformed so that it will be found in terms of de- 

pendence on depth.     The relations among the derivatives which allow    8 

terms to be written in terms of change in depth,  H,  and subsequently the 

nondimensional height increment,   8,  are given below: 

aCD . ^D dti . d_% 38 
"dT    <)H <Je    dp de 

B--JL 
v t 

e 

From Sketch 1,  -H - x6,  and by matching the value of   H    from the defi- 

nition of    P ,  it is seen that 

V t8 - x8 e 
and 

V 
In order to maintain the proper orientation of the axes and coordinates, 

x - x^ for the forward foil and    x « -(£- xj^)   for the rear foil (6 

measured positive for a counter-clockwise rotation).    The component ex- 

pressing dependence of drag force on    8    is then given as 

1 
1 s XWI .. .. *     s XWi (10) 

The depenc.ence of the drag force on the vertical displacement    H 

•is converted to a nondimensional dependence on    0 .    Thus the component 

of drag varying with height is given as 
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2 |_S   \ap  /F       S   \c?8 / 
H J 

(11) 

Hydrodynamic forces due to a pitching velocity, q, arise from the 

change of angle of attack due to the resulting curvature of the stream- 

lines. Derivatives with respect to q can be transformed to derivatives' 

with respect to qx/V , or in effect, with respect to an angle-of-attack 

change due to the pitching velocity of a foil at a distance x from the 

center of gravity: 

AC. 

dq 
q = 

•ft) W 

da  Vo 

Since the front foil has an upward velocity equal to qx« , it has an ap- 

parent decrease in angle of attack of qx^j/V . The rear foil experiences 

an apparent increase in angle of attack equal to q( / - x. )/V «    Thus the 
Am S 

changes of angle of attack due to pitching velocity are -qx^/V  for the 

forward foil and q(X-  x_^)/V  for the rear foil. 

Because of the time lag for the downwash from the front foil to 

reach the rear foil, there is a downwash angle lag at the rear foil due to 

pitching velocity (Reference 3). The flow at the rear foil at time t is 

influenced by the downwash which is created at the front foil at time 

t -JL/l    . This effect is in addition to the local change in angle of at- 

tack at the front due to pitching,-qx^/V Thus, 

da 

and at t • 0 

L F 
- q 

\ e/ 

<&JL 

e -J 
(12) 

L"F 

qU-xx)l 
+  n  

"e   J 

The angle-of-attack change at the rear foil due to pitching velocity is 
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a„ = 

q(-t- V 
V e 

q(i- x^ 

q(Jt - x^) 

(i - s) (13) 

By taking into account the local an gle change due to pitching, dovn- 

wash effects, and modifications due to the time lag, the resultant com- 

ponent of the drag force dependent on q is given as 

.1 
S (S)>»(S)tM^ V (lii) 

After the nondimensional factor ft - W/gpSX is introduced, then 

qi/V • (l//i)q . Thus the contribution of pitching velocity to the drag 

forces may now be written in terms of the nonaimensional variables as 

(15) 

Associated with any accelerated or decelerated motion of a body 

through a fluid is the virtual mass of the entrained fluid. For a body 

such as a hydrofoil at small angles of attack, the virtual mass due to 

acceleration in the x-direction is negligible,  aid consequently no forces 

due to virtual mass are included in the equation for the x-direction. 

By combining the various components of the forces, including suitable 

modifications due to downwash effects, the resultant equation for forces in 

the x-direction becomes 

du 
a? -   X 

u 
u - x w - x.0 - x„6  3 q - 0 (16) 

where 

Security Information 
CONFIDENTIAL 



R-U79 
-Ui- 

CONFJDHUTIAL 
Security Information 

u D 

1 
w      2 

SF 
S     Lp 

°L     s V3g"/F v £     S \d9 / 
e 

X"XX 
R     V £ e 

y (17) 

2   s \W) -    s \ap/ 

I 
2 

Force Components Along the 8-Axis 

The equation relating the force components along the z-axis may be 

written as 

I [£ " <Ve * U>«]    --(^•^•L8^LH> 
A cos V 

-  (D-. +AD,, • D_ • ADjsinv • V cos 6    .   (Id) 

Taking into account the equilibrium conditions (equation (1)) and neglecting 

cnwll quantities of higher order gives 

i(dT-v) --^^V" (D, • D/w (19) 

Dividing equation (19) by   pSY '     in order to pass to nondimensicnal form, 

and simplifying, yields 

A dw     A ^•AIj     !     A 

3? - q 
pSV 

2- - ? CDW (*o) 

•- 

By performing the same type of analysis used in deriving equation 

(7)r the following terw* are obtained! 
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AL 1   / 6C1     A dCl dCl dCT \ A 1 

c„ 2      2 \ L       do de dH da    '/ 2    1 oSV 

AL..  + ALD r R 

oSV 

SF 
25" v-(a^)-©«•(£) 

2S '^ •(£).• #).*(&)"•(»). 

ft tf-iWS)   '»(£) 
TYdT/F + I\¥/Jfl +2[sW//TW/ 

I["
S
F(*V\   .h(dh) 

2 [TX-dT/j. + T\Tfl (21) 

The components of the lift forces given in equation (21) do not contain 

any quantitative measure of the effects of dovnvash,  and thus have to be 

corrected tc take account of this effect. Also, some of the component terms 

have to be modified so that they can be expressible in terms of nondimen- 

sional variables. 

Applying the dovnvash correction to the component dependent on   v 

gives an expression for the lift force variation analagous to equation (9)s 

1 
2" f\^t)v 

+ V " HOVTUT] (22) 

The component of lift which is dependent upon    8    is expressed belov 

in terms of the nondimensional derivatives with respect to    3    and is equal 

to 

F V t 
6 

X'XJL 
R    vl 

6       — 

(23) 
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The component which is dependent upon the vertical displacement    H 

ia  converted to a nondimensional dependence on    8    and is expressed e.s 

2 Is 
dc 

w ^I (2U) 

Variation of the lift with pitching velocity q is due to the dif- 

ferent local angle-of-attack changes at the front and rear foils, the 

downwash effect, and the time lag. By introducing the effects of these 

factors, the contribution of the lift due to q is given as 

& (25) 

Using the nondimensional factor   fi    and converting to the nondimensional 

vail able    q    yields 

£{4(£)>T^)l-^]>. (26) 

There is a substantial dependence of the lift force on the accelera- 

tion variables w and q that yields terms whose magnitudes are suffi- 

cient to be Included in the z-force analysis. The two accelerations w 

and q produce forces that are due to the virtual mass associated with 

the accelerations. These virtual mass terms are nonclrculatory potential 

flows that do not produce an Induced vortex wake. Thus, there will be no 

effect on the rear foil due to these forces acting at the forward foil. 

In addition to its Influence en the virtual mass terms, the accel- 

eration w also causes forces on the rear foil due to a time lag factor. 

The lift at the rear foil at time t is Influenced by the vortices which 

were caat off by the front foil at a time t - Z/V . Thus, with the 

angle of attack at the front foil expressed only in terms cf its varia- 

tion with w , 
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WL 
a- = a   • TT 

1        eF  Ve 

Si 
da 

• i ft v )] 
(27) 

Then at time t = C , the effect of v on the angle of attack at the 

rear is 

ai Hi1 Ml    d€w 
~7 (2d) 

The lift force at the rear due to this time lag effect is given as 

2 (£) «H 2 Ve 
P sv 2(<3c

L
>\   d<wjL 

2 Ve \-?o"ynda""r?  • (29) 
R        V 

e 

L    is converted into nondimensicnal form by dividing equation (29) by 

pSV 2: 
e 

pSV 
r?   2s 

sR/ac 
\7o~/ _ da R        V e 

(30) 

Now   w    can be changed into the ncndimensional form of   aw/dr   by use of 

the definitions of    t    and fx   , yielding the relation 

V   2     A •      dw      1    e   dv 
w " dt 'ft ~X dr        ' 

Then 

(3D 

pSV 
T-<£ 2/i S   \JaJ D da 3r      ' 

(32) 

From this expression,  a stability derivative can be defined! 
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w      2   S   \7cT/     da 
(33) 

Forcea due to virtual mass will now be considered.    Because of  the 

similarity between an elliptic disc and the planform of an actual hydro- 

foil, the theoretical calculations made for an elliptic disc can be used 

to determine the virtual mass of the hydrofoil.    This apparent mass is 

equal to the mass of an ellipsoid of revolution with the span as axis and 

the chord as diameter,  and of the same density as the fluid.    The volume 

is (U/3)nan> , where   b    is the half axis and    a    the largest radius of 

the ellipsoid.    The inertia factors for the correct aspect ratio are ob- 

tained from Reference 9r    Thus,  the apparent volume    K    is equal to 

k(U/3)xaT> , where    k    is the coefficient of accession to inertia. 

It is possible to obtain a foil having the same area and same ap- 

parent volume as the elliptic disc, but it will have a somewhat different 

aspect ratio.    The apparent volume of the foil is then    K • k(n/U)SF Rc . 

Thus, with    eb„ D • S_, D • nab    (where   b - span of hydrofoil),  c = (l6/3n)a. 

Since the inertia factor   k   has to be the same in both cases, it depends 

upon the aspect ratio of the elliptic disc which is equal to Ub/sa .    The 

aspect ratio of the elliptic disc is found to be 1.168 times the aspect 

ratio of the hydrofoil.    Since the inertia factor   k    does not vary much 

for aspect ratios greater than 6. and since the factor expressing the 

ratio of the aspect ratios of the disc    and foil is not much larger than 

1.0, the values for   k    given in Reference 9 for the disc aspect ratio 

may ne used without any correction. 

The apparent mass is then   pk(n/u)S,, Dc    and the forces are the mass r ,K 
times the acceleration.    The force due to the vertical acceleration    i    is 

a lift force   -Z' , where 

-2,F,R " * H SF,R- 

The total lift is then 

-2- - pk jj c(SF • SR)w - pk Jscw - pk Jsc l!g-g 

(3U) 

(35) 
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Dividing    equation  (35)  by   pSV        to make it nondimensional yields 

stability deriva1: ive 

w 
kite 

(36) 

The force due to the virtual mass which is contributed by q is 

considered as a lift force, and is expressed as 

L,F,R°PT? SF,RC^XF,R 
(37) 

This force acts at the center of area of the surface,  and since longi- 

tudinal reference dimensions are measured from the quarter-chord point,  a 

term must be added tc give the proper distances to where the force acts. 

Therefore, 

L<   - -P T SF 

kn  _ 
-p -j-Sc [4M)4(<-*W)> (38) 

The angular acceleration    q   may now be expressed in terms of r.cndimen- 

sional variables by the relation 

d8       I2     2- 

e 

Tlius, 

knSV cc f   S 
L'   - p 

V2i2 

L' 1   kne f    SF XX " | , SR A" fj/jW 

Psve-   ii- 

(39) 

(Uo) 

Another stability derivative is now defined as 
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.      /s„ x. - r    sp JL- x. * £\ knc 1   F   JL     u        R  ~      X     u ) 
a" Yj[.\c   ~H S JL I 

(U) 

The various components of the z-forces will now be combined,  with 

the virtual mass contributions,  time lag factors,  and downwash effects 

included, yielding the final relation 

/       z»      z' w\ 
(l • -v - _JE) ^-zu-zw- z 6 - z„3 

dr      u       w        e        p 

(Z    \ Z:«     ,A 
i +_a)$_    <i*l= o 

where 

.. .ifsflfl)   at 
w      2   S \ da I D da 

z'. knc 

-c. 

R     Vt e 
2     S \W/F   v \ '   S   \<JB / 

2 |_S   \lf/ ?      S  W/jJ 

i(-*&),?->&)i^)(x-s)]} 
Z'»     *    -T—X 

q    UZ (*" 

c 
A" IT 8R *-**•? ̂  
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Moments About the y-Axis 

The moment equation for pitching about the v-sris is derived below 

in nondimensionai form. The resultant moment is ••;•, -:sced as the sum of 

equilibrium and hydro-dynamic  contributions: 

M = M    • M u  • M v • Mft6 • M,8 + M q • M.w e        u w 8 .3 q w (Wi) 

Equating this expression to the product of moment of inertia and angular 

acceleration, expressed as (W/g)KD (dq/dt) ,  and subtracting the equi- 
D 

librium terms which are zero,   gives the following equation: 

- Kv
2 ^ - M u - M w - Ma6 - M33 - M q - M.w - 0 

g    b    dt        u w 8 -3 q • (US) 

2 2     2 This  equation is then multiplied by u. /pSjJi    5— , where    i    • K_ /X>   , 
e B D u 

K  being the radius ol gyration of the hydrocraft about the y-axis: 

MWJ   ^     ^Mu * \ fj.n 
w - e 

gpsxve" dt    ps^vjig       pSiveMB       psive"iB 

/**. L h*Z 

psxv/ig '    Ps^ve\ q    psive\ 
(U6) 

A A A 
Now with    q • qt    and    t » tr ,  then 

% 

d| 

-   *   • \ &      , 

{at F" 

and with t    and ft    defined as 

A V 
gpsv; 

W 

L 
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the following rel~< •„ i on results: 

or 

H 

iB psive 

M, 

G-£ /A 

iB pSAVe 
w-   *t -* e 

B pS-fcV 

TB ps£\ 
8 - 

PSX veiB 
*- (i»7) 

Equation (ii7) may now be written ay 

d|_  Mm
u 

urn um 

r-  u A      " w A 
urn. am. 

XB B B B B 3 

•u am*    A 
q /\      '    w CtW 

where    m    , 
u 

m    , in. 
w        6 

m. 8 '    q 
rivatives (stability derivatives). 

and    m»    are nondimensional partial de- 
w 

The terms m , 
w 

m 
6 

the moment coefficient C m 

m  may be easily found in terms of 
q 

The moment is DUI into nondimensional form 

m    ,  and 
P 

2 ? 
by dividing by    pSV   J. ,   giving    M/'pSV   2. However, 

antf the two forms are related by   M/pSV 2JL - (c/2l)C 
e m 

C 
ra 
Thus, 

M/(p/2)SV c 

m w 
c ac 

m 
da 

m 
0 

„    c        m 

m8 
c dc s 

c m 
q */q*A 

In later sections of the report, the term m  will be found and shown to 

be zero due to the equilibrium conditions, and the term m* due to time 

lag will also be determined. In addition, moments due to the lift forces 

generated by virtual masses will bo found and included in the final moment 

equation. 
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KINEMAUC COrtDJT.' 

The  \.i kirfT:tir 

tic.ii.S   ;'• •••  •'...-.    ar..«» n 

the equality c> 

.«ves5 .u order to have five equa- 

.._.    The first condition expresses 

.*.  time rate of  change of pitch angle: 

"ft      de - n q.- -   - 0       . (1*9) 

It is now necessary to express tht» relation b«?tvecr. the- vertical 

velocity component    dH/dt    and its x and i  components.    It is seen from 

Sketch 1, page 7,   that 

dH —-•••  (V    + u)sin 8 - w ccs 8 
dt e 

(50) 

cr, if only small quantities of the first order are retained, and non- 

dimensional variables are introduced, then 

5g*S-e-o 
dr 

(51) 
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LONGITUDINAL STABILITY DERIVATIVES 

In this section,   the longitudinal stability derivatives are rtis- 

issed in detail.     The various hydrodynamic derivatives appearing in tne 

expressions for the stability derivatives will be evaluated in a. Inter- 

section of the report.    Experimental values of these hydrodynamic deriva- 

tives are obtainable from towing basin tests. 

ni    ,  Change in Pitching Moment with Perturbation Velocity 

The moments will be broken down into drag and lift forces Multi- 

plied by their respective moment arms. 

The drag and lift forces due to the longitudinal perturbation ve- 

locity    u    are obtained from equations  (7)  and  (21),   respectively: 

Drag Forces:    pSV 2C,u 

Lift Forces:    pSV    cA 
e    L 

(52) 

These forces nay be written in a slightly different form in order to 

separate the actions on the forward and rear foils: 

Drag Forces: 

Lift Forces 

^2(K*K> 

• ^2(K-K> 
•    (53) 

The moments about the center of gravity are then given as 

•'[Vf1ii(l-,i'-VF-¥«]* 

Vr--fc d    lu" DRRJ 

(51i) 
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From the equilibrium conditions (equation '2)),  M * 0 ; hence,    H    * 0 
% 

and m • 0 . 
u 

m, , Change in Pitching Moment with .rtical Velocity 

The drag and lift forces due to vertical velocity are found from 

equations (9), (17), (22), and (1*3): 

Drag Forces: - & SV 
d      e {[T VTUTJJ 

4-£)K4*(£)if 
Lift Forces: £ SVf 

t-s)pv»&>,k 

(55) 

The moments about the center of gravity are then given ty 

M - $».* 

• | sV 

and subsequently, 

|*M&)}.-»fr-*»[v»JHt 
(»[vfe)jv>(.-s)[%-(S)j.k'» 

•o- 
dc 

m 
7T • fe-(g]-,»(-|)k-oj^-..) 

•*[.,-©jvH-»)K-(aj-.}- -. 
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But 

,{©}*!».{©} «»"lSVe-|®hlSVel 

and 

M 

v   pszr 

by definition.    Hsnce, 

\" T*{®}* ^{©} (58) 

and 

m    • 
<3c 

c in 
w "   2£,   da 

m , Change in Pitching Moment with Pitch Attitude 

A rotation of the reference axis in the plane of symmetry causes 

changes in the depths of submergence of the hydrofoils, thus altering 

the drag and lift forces on each foil. These variations can then be con- 

verted into a variation in the pitching moment about the center of gravity. 

The drag and lift forces due to submersion changes caused by rota- 

tion can be obtained from equations (10), (17)t and (23): 

Drag Forces: | SV V s WFvt "s V3F7H   v<i 
e e     _ 

~    1 
e 

Lift Forces: | SV, h(^) (dcA JL- 

e e     _l 

(59) 

The CT terra in the drag force component acts through the center of 

gravity and thus does not affect the moments. The moments about the 

center of gravity are then 
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M = | SV 2 ] 

-! SV 

sRr/ac\   u:- x. 

R     V i     , 
e      J 

Wr/-r*JV5 [UN 

 e—® — 

U- *,)^e f 
e       (60) 

-©- 

But 

ifcr^DN *zid  
s

Rr/^ 
i-xii,l 

&-§{©}-§{©} • 

"e " ! SVe2{0)}- I SVe2M 

e (6i) 

and 

m 'e 
6    PSJLve^ 

ThU8, 

M°y M°] 
and 

c       n 

(62) 
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m    ,   Change in Pitching Moment with Vertical Displacement  of the Center of 

Gravity 

Changes in the drag and lift forces with vertical displacement pro- 

duce moment changes about the center of gravity. 

The drag and lift forces due to vertical displacement can be ob- 

tained from equations  (li)  and (2u): 

Drag Forces:  § Sv/ U y ^ ~\ dB I „     s \ ae / 

Lift Forces; 
<- c      I    u      \c/p   /    _ o       \C P   / L Rj 

(63) 

The moments about the center of gravity are then 

ST 

M = | SV * 
2      e 

fsp (dc\ sR /dcL\ 
(i 

1 

R VJ 

£ SV 2 |i 
2 S^e    IS W/F

dF       S  \31 /R
dR/ (61*) 

m 

 ©  

_ ©  
^W*^   d   • V'M    lie (65) 

dc 
2> - hl©\ if©! • v-» ^ 1.   J    v *.   J» 

But 

»P •! SV{©}- |sv2 
2      e {©} 
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and 

M„ 
m 

3     PSXV7 

by definition.     Thus, 

-B M®} M®} (66) 

and 

dC c        m 
9 "   TE W m„  = 

m , Change in Pitching Moment with Pitching Velocity 

The pitching velocity causes changes in the angle of attack at each 

hydrofoil which in turn bring about changes in the drag and lift forces. 

These fcrce changes then contribute to the pitching moment about the center 

of gravity. 

From equations (1h)  and (25), the drag and lift forceo due to pitching 

velocity are obtained: 

Momisnts about the center of gravity are then 

•   (67) 

-! «.* ':H%v*b*$\[^*tfy<*> 
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 0 _ 

1    I      S_j7dCT\    X; S_f/aCT\      l-  X.   ( ,  \11 I       , 

I { i [b^ i> -#{(^)H|V i1 - §*}}«- *4 if 
 ® :— 

iJ.ir(aV\ Ml /.[WP-W,   A la*  ,6,) - ?! T VarlTPF - T\F,~Z-V1 -dj Krr   (69) 
L L i<      _i L RL JJ      /    « 

ac 
m    _ 1 

c t) H K< J 

But 

Mq - | SV/{©}- | EVe/{®} 

ana 

M 
m    = 

pS/TV 

by definition.    Thus, 

, - irk} M®\ m    = a 

and 

m TZ 
dc 

(70) 

m» , Change in Pitching Moment with Vertical Acceleration 

The importance of the term m» arises from the fact that the rear 

hydrofoil at time t is influenced by the vortices which irer«3 cast aft 

by the first hydrofoil at time t -JL/V    . Thus, the expression for lii 
8 

on the rear foil given in equation (29) is obtained: 
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0 fdc,\   .   . . 
2    Re    \da L da " 2 

The moment produced by the rear foil is given as 

R ~~ V 

M. - -1 salZ±) w 2    R    \ da /D da 
de 

(X- X, ) 

(71) 

By definition,   ^t:.i«  = M«/pS>t   ;   thus, 

m» 
w 

1 
2fJ. S   \da /D da, 

a 
(72) 

Pitching Moments Due to Virtual Mass 

The accelerations w and q produce forces that are due to the 

virtual masses associated with the accelerations. Since these forces 

are of the nature of lift forces, the moments due to such forces may be 

determined. 

The lift force due to the virtual mass associated with the accelera- 

tion w is given by equation (35): 

Lift IT (SF * °R)W " p IT s* Sw 

The moment derived from this force is found by use of a moment arm to 

the center of area of the foil surface and hence is corrected by referring 

distancee to the nuarter-chord point as in the development of equation 

(38).    Moments about the center of gravity are then 

M» 
kne pir _SF(X/-?) -SR(^XW)]" (73) 
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w      pSX 

Thus. 

m w ~ Kfu\T ~I        T 1 / (Ik) 

The lift due to the virtual mass associated with the angular ac- 

celeration q is given by equation (3b): 

Ltft-L..p^B[-^(^-f)^(i..it*f)Ji 

Moments about the center of gravity are then 

M<  =p -r POM)'-^'-***)']4 

H i.  = _ knc F 
"F s [T \** 

2      St -r^(-^?)2]- 
(75) 

It can be shown that    m'»  = M'»/pSjt   ,  which then goes into the moment 

equation (iio)  as    -(mi»//i.i   )(dq/dT ) .     Thus, 

m* knc 
17 

5F   (Vj)2    .SH   if^lll 
s (76) 

The final moment equation including ihe effects  of time lag and 

virtual mass contributions is then 

(m'A   ,A      urn um, /xmD m /x(m» + m'»)   ,A 
! -      <I] §2 - £_w A _  *Q      _ ^J,      _ ^^.^w        *>  dw (     } 

vhere the coefficients are obtained from equations (5ti),   (62),   (66),   (70), 

(72),   (7k),  and (76), 
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HYDRODYNAMIC  Di.RIVATIV£S 

The theoretical values of the hydrodynamic lift and drag force co- 

efficients    C      and    C    ,  as well as thtdr derivatives,  are given in this 
hi) 

section.    Tnese coefficients are functions of incidence angle    a ,  speed 

V ,  and depth    h    below the smooth water surface. 

A hydrofoil moving near a free surface will suffer a decrease in 

lift as  compared to one at infinite depth,  due to the reduced virtual mass 

associated with the foil and the flow modification due to wave formation. 

The theoretical expression for the  lift coefficient of a hydrofoil has b*en 

determined by different investigators  (e.g.,  References 5 and 6).    Analysis 

and comparison of the lift theories indicate that the one due to Keldysch 

and Lavrentiev (Reference 5) leads tc results which are mere consistent 

with experimental data. 

The Keldysch-Lavrentiev theory gives the following expression for the 

lift coefficient cf a two-dimensional flat plate which approximates the 

actual thin airfoil: 

C. - 2no (P.   - a P.) 
*• g    1        g t 

(76) 

where o  is the geometric setting relative to the smooth water surface 
© 

(two-dimensional angle of attack;, and    P..    and   P3    are dimenaionless ex- 
2 pressions dependent upon dopth and Froude number,    ^ /gc .    For the small 

angles usually experienced in the motions considered in this report, the 

two-dimensional lift coefficient may be approximated by 

* g 1 

For an actual three-dimensional foil,  it has been determined in 

Reference 7 that 

-Jt - 2nP,  -r—- wA » 8h/c 
UJIPZ 

(60) 

and hence. 
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CT   =  2•PI 
TIA + 8h/c 

nA + (oh/c)   + UnP 
(61) 

where    a    in this case is  the actual angle of attack of the foil relative 

to the zero lift angle.     This expression for lift  coefficient  can be used 

to determine the derivative of lift coefficient with respect to depth, 

<3CT/dh ,  and thus can be relatsd to the components making up the lcngi- 

tudinal stability derivatives. 

The value of    dCT/dh   is given as 

ac 
L 

W 2na 

<?P, 

TtA'+ah/c 
dP (32nP1/e)-iin ^~ (nA+8h/c) 

•nA^ah/c)*^ dh       1 |-nA + (8h/c)  + Unpj: .   (82) 

Since the coefficients are to be evaluated at the equilibrium position and 

since    H    is defined as  the deviation from equilibrium depth,   the following 

relation exists; 

tdcA -(dcA   - ±.(dcA (83) 

where the subscript "en denotes equilibrium condition. 

Motion of the hydrofoil below the free surface results in wavemaking 

with which there is associated a wave drag. This effect is due to the 

proximity of the bound vortices to the surface. In a finite-depth channel, 

there is a critical speed above which there is no wave drag, which is de- 

fined as 

Vc VghB (810 

where    11,    is the tank water depth.    Since the Keldysch-Lavrentiev theory 

is clRrived on the basis of infinite depth,  there is no mathematical mech- 

anism that will make this wave drag component disappear;  therefore,  it is 

necessary to determine whether the wave drag is to be included in an 

analysis of stability tests in a finite-depth channel. 
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The theoretical expression for the v.ave drag coefficient is given 

in Reference £ as 

\ 

2    2 

(Q2 - agQ2) (85) 

where   K    is a form of Froude number,  i.e., 

.2 vft 
2gc (a6) 

and Q,  and Q„ are functions similar to the previous P,  and P. . 

The same type of approximation leading to equation (79) is used for the 

wave drag coefficient, resulting in 

2 2 
n a 

C  •  2— Q (87) 

In addition to the wave drag,  there is the induced drag due to the 

trailing vortices of the finite span and the profile drag due to frac- 

tional anu form drags.    The exp.-ession for the induced drag coefficient 

is given in Reference 7 as 

2C, 

D.       nA + Bh/c (88) 

It is assumed that the profile drag does not vary such with angle of at- 

tack or depth| hence, 

dC^        dCT 

(89) 

The values of profile drag to be used in evaluating the total drag of a 

hydrofoil may be determined from wind-tunnel teats at the appropriate 

Reynolds number. 

The final expression for the drag coefficient is then the Bum of 

the contributions of profile drag, induced drag, and wave drag, i.e.. 
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cn = cr   + cn   + c_ 
D        DF        Di °W 

2 2    2 
2CT no/ 

C     =  C       +  =—7- +  &— Q 
D        Dp      nA  + 8h/c K       "1 

(90) 

With this expression for 

quired derivatives.     Thus, 

G    ,  it is a simple matter to determine the re- 

dCD w 
dcT 

(nA *  6h/c)CL gg - UGL /c 

'   2" 
(nA + Cih/c) 

2 2 
II a  dQ. 
 £ 1 

K      dh (91) 

and 

ac 
dCL UcT  

L 2 
2n a D = -"L Jo" + __ 

da      nA + tih/c   K 

da 
(92) 

Since a = a 
g 

a , where a  is the angle of zero lift which is prac- 

tically constant for the range of speeds considered, <Ja /<3a = 1 and 
O 

hence 

dc 
D _ 

ac 
L da 

2n2a 

15a~ ~ nA + 8h/c   K      Ql 
(93) 

The variations of lift and drag coefficients with angle of attack and with 

depth have been theoretically expressed and may be evaluated for applica- 

tion within the expressions comprising the stability derivatives. The 

values of these coefficients and their derivatives for the rear foil are 

found in the same manner as for the forward foil. Any modification of 

these factors due to downwash is accounted for by the presence of downwash 

terms involving d« /do . 

\ 
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DETERMINATION' OF DOWNWASK ANGLE   €  AND CF    d«/da 

The angle of attack at the rear foil of a tandem hydrofoil system 

is  the difference between the angular setting of the rear foil (relative 

to zero lift angle)  and the mean downwash angle < .     Thus, 

*R (9U) 

where    a    is the difference between the geometric setting of the rear foil 

relative to the surface of the undisturbed fluid and the angle of eero lif t. 

The sense of    c    ip positive when it tends to reduce the angle of 

attack at the rear foil.    II is determined from the slope of the sinusoidal 

su *face wave generated by the bound vortex of the forward foil (based on 

two-dimensional theory).    Beyond the first l/k wave length downstream, the 

surface is represented by a sine wave whose equation (Reference 10) is 

given as 

£  » - C    ce    ve   sin £5 (95) 

where   £     is the displacement of the aurface,    a    is the distance between 

the quarter-chord points of the forward and rear foils, and   h    1B the 

depth of submersion of the forward foil.    For the small slopee considered 

in the linearized wave theory,  the downwash angle   <    is determined as 

the negative of the slope of the surface at the particular point in con- 

sideration.    The surface wave slope is then 

?h 

d3 \$ 

% V6 5?. e cos *x (96) 

Hence, the angle of downwash at a distance a behind the forward foil and 

at a depth h' below the water surface is expressed as 

«--.* 

ghL 

ds s 
g(h+h') 

cos (97) 
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With the aid of this expression for   <   , the value of   d«/do   is found to 
be 

.'c)C  \ 
g(h*h') 

33     \T*)F J? e        V      cos gS 

Ve 

(9«) 

" 

, 
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SUMMACT OF EQUATIONS 

The differential equations of a disturbed longitudinal motion of 

the tandem hydrofoil system are summarized below.  They were derived as 

equations (16), (U2), (U9), (31), and (77) and are collected here J'or 

convenience. 

.A 
au A 
-j- - X U - X 
ar u   w 

0 - x e - xQp - 2a $ o o 

*-o -v*(-W)dl-v-v-vVi-(-» 

de A A 

0-e • £-() 
dr 

(99) 
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STABILITY DETERMINANTS 

Tne complete system of differential equations may be solved by 

expressing each of the five variables as a sum of exponentials  nf the 

power   X. r ,  i.e., 

A v A 1 
u = L u±e 

X.T 

X.T 
0  * 1 PjB 

A       r< A        i 
w = 2- w. e 

_ X.T 
A       V A        1 q - L q e 

>. ,T 
0 = I e.e 1 

(100) 

The differential equations are reduced to a system of five algebraic 

equations for   X  ,  the values of which determine  the stability of the 

motion.    In order to have a consistent set of equations,  the deter- 

minant of these equations must vanish..    Now,  by defining 

a - 1 + 
z'» 
—   ,   b = 

-u.(m»  + m' •) z 
 1      ,    c - 1 + —»     ,   d 

m'» 

•   J? 

then 

X-x 

u 

-x 

aX - z 

bX 
r- w 

*e "X3 

x 
_ _a 

ze "ZP 
z!« --fx 

H-me .££ m 
dX-r^ 

XB *B *B 

-X 

-1 u 

= 0 (101) 

The system is of 'one fifth order. The stability quintic will now 

be obtained in the usual way by equating to zero the determinant of the 

system (101). The resultant quintic expression may be written, as 

X5 + BX1* + nx.-* • Dfc* * EX. 0 (102) 
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where 

be 
am 

2 d -   "1 - x   (ad • -JL) 
w        /xiB          u  \          ^2  / 

2 
ad • bz • rn/u. 

d(z„ t-x z    - z x  )  + oU    - ex    •• -&-^J 
 •      u w u w \ e u        /*    / 

2 •  
ad • bz'•/u 

q 

..   / m-.z'«      m x z'» \     m 

^(v^-^-y)-i;".^» w U 

ad • bz V*4' 

^U m„(c - a) 
m„x z'• 

z m. - m z    • am x    • m ex  H 

v e       we 9 u       wu ^2 
• d(z xQ -x z  ) v u 0     u B 

ad • bz'•//**" 
qr 

— (m s x   -is 2   -re « x   - ra x a ) • b(z„ - z.x   • z x^) 
ig     q u w      q8     wuq      q u w 9      8 u      u 8' 

"        ' ~—   2 
ad • b«'*/a 

q ^ 

f- fn-z^ - m z • m-Z - m z„ • m z.x - m.z x + m„x (a - c)l 
ig I 8 9 63 3w wB w9u 8 w u f u '] 
-U _  

ad «• bz'»/M 
q 

<—(m„x z    -•- m zax    - m z xQ)  • b(z x. - z.x ) 
i v  3 q u        qpu        quP' v u 3        M 

• 5  
ad • bz' »/u "" 

qr 

/XXy ftZ 

TT (VB • •BV\W»> * TT (Vw " V3*Ve" VB ._£ 
ad • bz'*/^,2 
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The method of analysis utilize to determine the dynamic stability 

without actually solving the equations of motion    is by means of the 

Hurwitz criteria or Routh's discriminant (Reference 11).    For the particu- 

lar case of a quintic expression in    X  ,  the following conditions must 

hold in order to have stable solutions  (real part of    X    less than aero). 

With an expression of the form 

a X    • a X    + a X     • a X    • a, X  • ac 

the criteria of stability requires that 

1) all the &± > 0 

2) 

0 

al 
ao ai 

a 
0 0 31 

a 
0 

0 0 

a3 a2 
>0 i 

33 *?. ai 
>0 , a3 a2 ai 

ao 
a5 % 

a3 a5 
au a3 a2 

0 0 a5 
a 
U 

>0 

In the longitudinal stability tests of Reference 1?,   constant speed 

was maintained and no longitudinal surging motion was encountered; hence, 

the entire x-equation can be neglected for this case.    The remaining four 

equations may then be analyzed in the same manner as for the three degrees 

of freedom system.    The stability determinant will be a quartic in this 

case,  derived from the determinantal equation 

aX -z. -z e -z. 
z' • 

bX 
tm 

*B 
dX 

m _a 
4 

-X 

-1 

- 0 (10U) 

The quartic may be written as 

Mt 
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U j 2 
X     + U^K    + C,X     f DA  • E,   - 0      , 

-1,3- 

(105) 

where 

am m z'• 
be —a . z d - JL_a 

ad  • bz' «/u 

s m .,   / m z • .' 
z.J • z.b • -^-y -P ( m c + m„a — e jg lB\w 9 /* 

Ll " .      .    .   /   2 
3 

ad + bz' »/u.' 
q ^ 

[b - -9.)    t f. fz n    . z-.m    • m.(c - a)1 
^      iBy     i„ I « e      e w      9V        '\ 

_ _    _ 

ad + bz'•/u 
q r 

(106) 

^ (Ve " m9z
3 

+ Vw • V«} 

ad • bz1./u 
q r 

The previously outlined stability analysis based upon the Kurwilz 

criteria is applicable to thi3  case as well.    When the expanded deter- 

minants are greater than zero,  the values of    X    will be such that the 

motion is stable and the disturbances are damped out. 
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SOLUTION OF K1UATI0NS OF MOTION 

An exact solution of the equations of motion that will yield the 

trajectories of the system will be obtained through use of the Laplace 

transform. The five equations previously found can be reduced to a 

system of three equations through elimination of the variables w and 

q . which are related by purely kinematic conditions to the other vari- 

ables.  Thus, the following equations are obtained: 

du- 
dr* V (X  • xje - -a p. 

v       6' /x dr 
x 3 • x    *£ = o 

B w dr 

- z ̂ (v.e>.,<.-c)^^-V.»„g-.£f-0V<107) 

jt<\*N»*(»-!?)»•« d2e M»e „/»". da  w d2e 
dT ••«- h     H d7 

0  • 

The solution for the case of constant speed with no longitudinal 

surging will be considered first.    This case leads to two equations with 

6   and    8    as variables,  the entire x-equation and terns such as    z u 

not being considered.    The two equations are then 

•<%*'.>••<—>8-££|-v*\ 51-•a-° dr2 

£vv.-H&*'&-?»^*->H 
(108) 

The Laplace transform will now be applied to these equations. The fol- 

lowing relations define the operation of the transform on the variables 

9 and 3 and on their derivatives (Reference 13): 
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L [e(T)j    = j% ?Te(T)dT = e(p) 

L   [3(T)]     =   JT
De"pT3(T)dr - 3(p) 

g|]    = p9(p)   - 9(0) 

.2 a e 
drcJ 

= P 6(p)  - p9(0)  - 9'(0) 

L  [£f]    = P3(p)- 3(0) 

dT 
p  B(p)  - p3(0)   - 0'(O) 

where    6(0)   ,   6'(0)   ,   3(0)   ,  and    3'(0)    are the initial values    (T •= 0) 

of    0 ,  dO/dr ,   3  ,  and    d3/dr ,   respectively. 

The transformed equations are 

—£ p    -  (a -c)p • (zw*z
e) 6(p)  • ap    - Zwp * z9 3(p) 

2'. 

ap(u; •—5*610) 
A1 

z'. 
-^6=(0) - (a-c)0(O)-z 3(0) + a<$'(0) (109) 

dp2*(b-^)p-^(n.w*me) e(p)* -bp    • -r-2- p - -r-^ B(P) 

d6(0) -b3(0) (b - r^) 9(C) •d6'(0.' •— 3(0) -b0'(O) 
\        1B/ B 

(110) 

Solving these two simultaneous linear equations for 0(p) with the aid 

of the definitions 
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f s'. I       rz<. 
X -    ap(0) +—£ 8(0) p*   —Z 6;(0) - (a- c)6(0) -z  3(0) • 

L II c. J _ i:; W 
a3'(0) (111) 

T -    d6(0)-br9(0) p \ • i) 
urn 

9(0) *de'(o) + -r^ 6(o) -bpuo): 
B/ ^ J 

yields 

e(p) -• 

Z'» 

~^P   - (a-c)p*(*w**e) 

e(P) 

(ap - z^ • zJ 

/  w  2     ^""w -am3\ 

(ap    - zjp * z  ) 

[^•(b-gp-^C.-,) (-bp'^p.'S) 

(ap    - z^p • z ) 

(- 

2   ^"w ^"8 

Si 

-(ad • bz>'/n') (ph * B^3 • ^p2 • DXP • Ex) 

(113) 

(lUi) 

where the denominator contains the stability quarti: previously deter- 

mined (equation (105)).    Evaluation of the determinant in the numerator 

then yields the final value of    6(p)  : 

where 

e(o)p3 » [B^CO) » e^ojjp^ * fo * ty 

p"* • B^3 • C^p2 • Dxp • E1 
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0 = fe 

m z'. 
(a - c)rn    ^ -i-ji 

ft 
• dz    - z 

6        w (>-8 •e(o) 

aci • bz • '/M ' 

fzw-7rif)6,(0)*K-y)9(0)>(^-" bzw)p,(0) 

ad  • bz'»/u 
q r 

[/       m  \      /xm / m z'.\ 

S(b-4) -^(*-c)|e(o)*(d»e>^)»-(o) 

ad  • bz' '/u. 
q ^ 

f- (raazu - mj5o)B(0)  + (bz 
3 w        w  3 -O-)8'(0) 3 i„   / 

ad • bz'«//i. 

Similarly,  the value of    8(p)    is given .as 

-^ p    -  (a  - c)p • (zy • ze) 

P(P) 

1>X 

L2  • (* dp (b " ^) p • 4 (m« + V 

-(ad * bz'V/i2) (pU  * Bxp3 • ClP
2 • Dxp  • Ex) 

> (116) 

(117) 

9(p) 
3(0)p3 • [BJ^O)  • 3'(0)]p2 *fp  + 77 

p~  • BXP    • CjP    • Dxp • Ex 

(118) 

where 
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Z'» 

d(z    + z  ) • ^•(m   +m ) 
w        6y    ^2     w      8 

e(c; + d(«- 
z • •   /      m \ 

-3/ (a-c)+_a   (b--*) 6'{0) 

ad • bz' »/u 
q ^ 

m z 

_iB    w      6      8 iB 6        iR 
3(0)   * 

& " bc) 3' 
(0) 

ad • bz'./u2 

^M9)(,-C).(b^)( z     + ZJ w      8 
8(0) 

ad • bz'•/u' 

d(*   + zj • -3__w L. e-(o) - £ 
B •w(%*Be,-m3(,w*V 

• (119) 

9(0) 

ad • bz' */LL 
q ^ 

• i 

b(z    + z„)  - V^ (m    • m.) w        8        3T v w        8 
3*(0) 

ad • bz'./u' 
q 

The functions    6(r)    and    B(T)    can now be evaluated by means of 

the Mellin inversion theorem, using an integration in the complex plane 

along the so-called bromwich path, with   p • u • iv    being the complex 

variable! 

u*ioo 

3T, 

u-ioo 
u*ico (120) 

8(T) - jij J      ePr8(p)dp 
u-ioo 

The singular points of the integrand are the zeros of the denominator, 

which in this case is the stability quartic.    After determining the four 

roots of this quartic polynomial,  it is expressed as 
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(p   -   X,)(p   -   X    )(?   -   \    )(y   -   X,) , 
i- t 3 u 

wnere X. are the roots.  The solution is then given as 

u • i oo 

6(1 
1      f      _pT

e(°)P     * [B^fO)   •  9'(0)]p' • 0p * tit 
M  = Hi  J .     ^    ~p~Xj(p - Xj(p - X  )(p - x.)      Ul 

u-ioo J ^ 3 U 
(121) 

6(T)  -  >~* Residues  of  [epTe(p)l   at X. 
i-1 1 

Similarly,  for 8(T)  , 

U 
P(f)  = V^ Residues of  [e^fr)]   at \± 

(122) 

(123) 

Thus the determination of the trajectories of the motion ia reduced 

to a solution of an algebraic equation and an evaluation of the stability 

derivatives based upon equilibrium parameters. 

For the case in which there is an additional degree of freedom, i.e., 

longitudinal surging, there are three equations for the three unknowns u , 

9 , and 8 given by equation (i07). The transformed equations are then 

(p - xu)G(p) - [ f p • (xw • xe) J 8(p) • (xj  - x8)B(p) 

G(0) - -ft  6(0) • V(0) (I2ii) 

z u(p) • 
u -^ p - (a-c)p •(*„•*«,) e' e(p) • ap -z^pn 3(F) - 

z'. 1    l"*l. 
1  -. / ~ \ 

M2 
9- vw - v« - C;9vu; - 2 3(0; • *3 • i.u^ (125) 
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cp    + [ b - Jl j p - ii (m    + m ) 
igj         xB      w        G^ 

6(p)  + l-bp    + -_i p - --£ 
L   '           XB   "         XB_ 

0(P)   = 

— [7        m_\                                 *4». 
49(0) • bB(0) P + L(b • 4) 6(0)   + d6'(0)   + —- 3(0)   - 1 

XB 
3{3'(0) 

_ 

1 
1 

(126) iE j g 

Since,   initially,  the surge velocity    u    is  zero,     u(0)  = 0    and equation  (I2i|)  can bs re- 

written as § 

(p - xu)G(p)   - |j£ p + (xw + x0)   6(p)   •  (x^p - x0)0(p)  =    - ^ 9(0)   + xw3(0)J     .   (127) | 

Solving for    u(p)    gives flj 

[-^e(0)+xw3(0)]       -^ p • uw • xe)] (x^p-x) | 

liiri) " \ XT I 

X —£ p   - (a-c)p + (zw + ze) (ap    - ZT^P * z  ) 
fz'. 

dp2 • (b - ^ p - £ (.  • »J (- bP
2 J^H P -^) 

\      V        "B      W      *L \ iB S' 

(P-Xu) -J£p  +  (xw+xe)_ 

(125) 

u 

z!.    2 
-~fp   - (a-c)p + (zw + ze) 

l> 

<V " V 

(ap    - z^ + zg) 

Up2 + /b . \) p . iL(m   * m )] (_ bp
2 /f*    _/^B\ 

L \      *B/        "B 

where    X    and    T   are given by equations  (ill) and (112). 

After expanding the denominator,  the stability quintic for this case (equation 
2 

(102)) multiplied by the term    -(ad + bz'.//t  )   is obtained.    Evaluation of the numera- 

tor then gives 
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'j(p) 
7p    * 5p    +  yp  » n 

5 u 3 2 
p     * Bp    + Cp    + Dp    *• Ep  • F 

(129) 

wnere 

/= (xw * xe)e(o) • ^ e-(o; • xge(o) - xys'(o) 

z'» bx 
—r-» (mnx    - m x  ) r^ (z.  + z  )  - r— (m x    -mx) 

,/iig      G w        we /*    v   G        w'       i     v  q w        w q' 

ad + bz • •//! 

bc(xQ  ^xw)  -d(zwxe - zexw)]e(0) 

ad  • bz'VM^ 
q 

Z1' 

yr-- (m x    - m x )  • d 
2* q w        v q 

x.  • 
^ 1D 

1 (-s, - V) 
ad • bz' •//*' 

q r 

8'(0) (130) 

Z1 • MX / X   Z    \~| 
d(x z„ - x z )  • -j^ (m„ x    -raxJ £-£ • b ( ex, - -SL& )   8(0) 

ad • bz'»Ai' 
q ^ 

.*( 
x z 

x6+- 

4- (a x    - m x )  • b ( -9-S - 
i„     qw       w q \  M 

2" 
ad • bz' 'At 

q r 

ex   ) 

P'(0) 
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mvsts 

(z 

Z/=-k. 
\u£ (V» " Vp + Ve - "eV " $ <V» " \V -Mj£e£i fV»- V.J 

ad  + bz*'/jj.' 
Q 

lb - -A ) (z xft - zrtx )  + dfx  i'z    + zj  - z(x    + x )1 > 6(0) 
y     xBy • w e     e w       [ 3  w     e       e  w     e JJ 

ad + bz'•/a 
q • 

+ < 

- o "• m.x   -m x   + 
"I        / X z. 

/Ti 
X8 

B 

u(m x   - m x) j - d ( z x   - z x r  e w    w e'J      \ ; 0    e w + ex 
) 

ad + bz'»/u! 

q r 

0<(O) 

LI^ (msV - VB
C + ye

a - Vsa) + b(x°z- " x-z°> 8  « 6 0 

ad + bB'«//t' 

z z 

X
R      

8 9       q P        lp     q w       w q' 
P(0) 

f 
ad + bz'»/ii' 

q r 

m x     m x 

JB_   ^ iB   fl1?    w ey .w/1 x a 
.  _ n    Q + DIZX.-ZX    + cx„ -    ?. r. 

\ w 9      6 w        p 
M 

ad + bz' */u.' q'r- 
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n  =  - 
ft£••-') <V. w B 3  6        eBy 

ad  • bz ' •//! ' 
q r 

tM^ + V " Vx* + V]} e(0) 

id + bz ' •//! 

z'. ] 
—rMm.x   -m x   +m.x   - m.x) - d|x,(z   + z„)-z„(x   *x j|> 
/*i  v   9 w      w B       9 6       6 9'       |_3    w      e        3    »      6 Jj 

6'(0) 

ad • bz' '/it^ 

£{<«.-*> nz   - m zQ •m.z/, - m„z 8 w      vp      8 6      6 0).mw[x3(zw*ze)-z3(xw.xe)]}9(O) 

cd + bz' VM' 

{^•Vp^Ve-VB^frw^V-V'/VJlP'^ 
ad • bz' »//i 

(130) 
cent. 

Similarly,  for    6(p)    and    8(p)  , 

e(P) 

P(p) 

a 6(0)p4 + [B6(0)   • 6'(0))p3 • trp" »XP 4 g 
£ l •, O 

p • Bp    • CpJ + Dp • En  * ¥ 

m B(0)pa • [B3(0)  •*-q'(0J]p3 *Tp2 tApf  fl 

p • Bp    • CpJ  • Dp • Ep • F 

(131) 

(132) 

where 
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cr = 

bx s 
dz    * —SJi 

B U 
a(x z    - x z ) 

w u       u w 

ax m 
bcx  + -JLa 

u        lp 
 -t  

ad + bz ' •/u. 

x m z '•       m, z ' • : m z"       mz'» /        m \      w/ N 
u_«_^ + _s_£ _ z  fb _ _a\ + /*(» - Si 
^B ^B w \       V S 

m 6(0) 

ad + bz ' «/u.' 
q' 

dz    + 

u      ad + bz' •At' 
e'(o) 

flam 

-IT-bzB 

ad + bz'•/u 

/iam 

P(0) 
bz 

w B 

ad + bz' m/u. 
B'(0) 

x = 
d(x„z    - x zj -   b - 4)(x z    •• x z    + z) v  P u        up       y        lg^ v w u        u w        p 

ad + bz' »Ai' 
•(133) 

x ra z        x m„z'» / ^ 
qvu + ^J_a+/t(a - c)   (mx    +m) 

B /^B B 
w u        p 

6(0) 

ad + bz ' */n 
q ^ 

r mz'.xmz1* 
ds  + ±J • Ji_«_a . d(x z _ x z ) 

6       ^.iB ^txB w u        u w 

r 
6'(0) 

ad + bz './it 
q ^ 

b(x*    - x zn)  + T— (m„z    ~ m zo  + ax m.) 
Pu        u 8        :L   

v   B w        wB up' 
ami 

ad + bz ' '/fi' 

I b(x z    - x z    - zQ)  +*p- (m x    + mo)|B'(0) 
Jwu        uw        8        iR

vwu        B    ' 

ad + bz' K/U. 
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w = 

-- 

< b(x z    - x z)  • - [      M        n9        i 
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cont. 

The solutions for u(r) , e(r) , and 9(T) are found in exactly the same 

manner as previously for the case of two degrees of freedom.  These solutions 

are given by 

5 p     -, 
U(T) - Y2  Residues of [^^(p)] at \ 

i-1 

0(T)  - y   ' Residues of IeF 9(p)J   at X. 
i"i 

8(T)   = y      Residues of Ir   3(p)J    at X. 

(13U) 

(135) 

(136) 

whare X^ are the solutions of the stability quintic foi- this case (equation (102)), 
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APPLICATION OF EQUATIONS OF MOTION TO LONGITUDINAL STABILITY TESTS 

The previously derived equations  of motion  (99) will now be applied 

to actual experimental studies.     The longitudinal stability tests of 

Reference 12 will be used.    Since,  in these tests,   constant speed was 

maintained,  the whole x-equation can be left out of the calculations. 

The resulting equations for this case are given by equation  (10b)  and the 

stability determinant is given by equations  (10h),   (105),  and  (106). 

The tests were made on a tandem system made up  of two aspect ratio 20 

hydrofoils of rectangular planform with 0    dihedral.     The physical dimen- 

sions and conditions that remained constant in the tests are listed below: 

Xs || * U.167 ft. ¥ = 63.3 lb. 

2.5      ~ _„,   -. . 13.5k      ..  _,.. ,. 
C   =   -y=-  =   U.^UOJ   It. _        Q      r,   -   —r-5—  =   _L._L<£U   it. 

S = 1.736 ft. fl= —-— = O.UiOU 
gpSA 

S_, - SD = 0.86b- ft.2 

The equilibrium depth was one chord,  h    = 0.2083 ft.,  and equilibrium trim 

was 0 .    Equilibrium speed was in the neighborhood of 8.50 ft./sec, but 

was slightly different in each of the cases tested.  The moment of inertia 

of the system,  the forward and rear pre-set angles of attacK,  and the loca- 

tion of the longitudinal center of gravity were also varied for each case. 

The center-of-gravity location was determined by the equilibrium conditions 

necessary for a static balance,   equations  (l)  and  (2). 

The first ease to be treated is that of the far-forward center-of- 

gravity position, x//£ = 0.25 .     Equilibrium speed    V     was 8.L0 ft./sec, 
2     2 e 

the moment of inertia was such that    i^ = K_ / JL  = 0.3601 .  and th« angles a        a '      "   '        ° 
of attack (relative to zero lift) were ap -  0.17^5 radian and e-L 

-   w   ± OUJLOII . TLa hydrodynamic coefficients and derivatives are to be 

determined on the basis of the above conditions and will then be used to 

determine the stability derivatives. 
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For this case,  the stability quartic is determined and th* coeffi- 

cients of the powers of    X    are evaluated with the renewing results: 

a~ = 1 a. « D    • 0-3'ifl; 

~1 ' Bl = 5'5°93 % = El * °'0505 

a2 «= C    - u.63u5 

Application of the Hurvitz criteria shows tnat all the    a.>0: 

- a^ - aQa3 » 25.1865 > 0 

al 
ao        ° 

al(a2a3 " alV  " aOa3* = 7'1919 > ° 

Since the determinants are greater than zero,  the values of    >    are such 

that the motion is stable and the disturbances are damped out* 

The roots of the quartic are found to be 

X,  - -O.0I48 X    - -0.0335 • 0.101.3 i 

X2 - -h.h9h X,   - -0.0335 - 0.101*3 i    • 

The existence of the conjugate complex roots indicates oscillatory sta- 

bility, which was discovered to be the condition in the stability experi- 

ments for this configuration. 

For this case, the initial values of the variables were a positive 

trim of 2 and a submergance of two chords, so that the hydrofoil system 

was initially displaced from equilibrium.    The initial values of the 
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variables and their derivatives were: 

6(0)  = 2° = O.OS'U? radian ;    ~ = 0'(O)  - 0 
TO 

8(0)  =  -0.3561 ;  g£ = 3'(0) = 0.03U9   • 
T=0 

By solving the equations of motion,  the trajectories are round to ->fi 

6(r) = 0.0037 e''9hdT - 0.000^2 e'^^T 

+ e * •w    (0.03393 cos 0.10U3T + 0.0093iisin O.lO^r)     (13?) 

B(T)  = 0.05261 e-'9U8r - 0.01615 e~k'h9hT 

- e"°0335T(O.U599U cos 0.10ii3T - 0.39662 sin 0.10U3T) .  (138) 

These solutions are plotted in Figures 1 and 2 and indicate a low ampli- 

tude,  low frequency, damped oscillation, which is in agreement with the 

experimental findings.    They are close to the trajectories which would re- 

sult from an exact solution of the equations but differ slightly because 

of the small numbers dealt with and the manipulation of the complex numbers 

to determine the coefficients of the exponential terms.    This can be seen 

in Figures 1 and 2 at r = 0 where the initial conditions are not exactly 

satisfied. 

The next case to be investigated here is the one with the center of 

gravity located at    Xt/JZ,   * 0.56? .    The value of    V     was 8.U5 ft./sec, 

the value of    :L.   was 0.211*8, and the angles of incidence were 

aa    = cu    - 0.101*7    for the forward and rear foils.    Evaluation of the 
F P 

stability determinant for this condition gives the following values for 

a    » 1 a--- D.  = 0.728? 

a1 - B1 » 5.1i5U5 f«   - Rj_ - 0.0201. 

a2 * Cl = 6'9506 
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--     r" —»—    u-icii   o— v~.w«.^     •>!««.   4x10b    fc\juj jidC    IOI    51/dji.iioy   uiuci     une 

Hurwitz criteria,  i.e.,   that all  i. > 0: 

3 "2 

• a^ - aQa    - 37.1633 > 0 

ai        ao       ° 

a3 a2 al 

0 &1, a3 

= *1(&2&3 - a^)   - aQa      « 26.U977 > 0. 

Since  the determinants are greater than zero,  the notion in this case is 

stable. 

by assuming the same initial conditions for this configuration as 

for the previous case of the far-forward center of gravity, and solving 

the equations of motion,  the trajectories art* found to be 

9(T)  - 0.01602 e"-uUU + 0.02005 e"'06t)T 

- 0.00115  e"1,765T- 0.00001 e"3,557T (139) 

B(T) - 1.9707 e--°W''- 2.35535 e-'06dT 

• 0.03W1 e_1'7b5T - 0.0065a e"3'557T (1U0) 

plots of which art given in Figures 3 and u. 

For the case of  the center of gravity located at    x,/A  • 0.60U , 

V      wau U.37 ft./sec,    i.    ws 0.i:l86, and the angles of incidence were 
e D 

ae    - 0.0073 radian    and    oe    - 0.12i:2 radian.    The stability quartic i» 

dotersiJied and the coefficients are 
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a- 1 a    = D,  - O.01O7 

a.   = B,   = 5.5020 a,   = E    = 0.0029- 
11 h       1 

a2 = C    = B.080U 

These values of    a. >  0    satisfy the first requisite for stability under 

the Hurwitz criteria.    The required determinants will also be greater than 

zero,  indicating stability for this case.    However,   the value of the coef- 

ficient    EL    is of such small magnitude that in the region under considera- 

tion, there cannot be any definite statement regarding the stability of 

the motion, because of the definition of    E     as the sum of products of 

small numbers.    The actual motion of this configuration in the stability 

tests was a slow, unstable, diving divergence and was very close to the 

divergence boundary,  the actual location of which was approximately at 

xx/U = 0.60s 

In order to shew the trend of the solutions of the equations in 

agreeing with the experimental results, a static balance was found by 

using the data of Heference lij at a center-of-gravity location given by 

2jf/J. = Q»735 »    The equilibrium speed was ti.50 ft./sec,  and the moment 

of inertia was chosen such that    i    ~ 0.1i0°lt .    The angles of incidence 
B 

on the forward and rear foils were    a_    = O.O696 radian    and 
F 

ae    " 0,1571 radian.    The stability quartic is evaluated for this case and 

the coefficients are found to be 

a    = D    - 0.4169 ao 
s 1 

al 
S3 Bi 

= ii.2538 

a2 
m ci 

• 3.7112 

aii= h.= •°°0133 • 

Since   ai     is a negative number, the first requirement of the criteria for 

a+oh-m+y is not satisfied and hence the motion is unstable. 

The effect of an additional degree of freedom (surge motion) is now 

investigated for the stable case at    x^/£ • 0.569 *    The resulting sta- 

bility quintic has the following coefficients: 
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a       a    1 
0 

B  -  5.ii7b3 

7.17^9 

a .  - D -  1.0667 
j 

a,   » >, = 0.0336 
u 

Valid  conclusions as  to the stability of this  configuration are not possible 

because of the small order of magnitude of tne  coefficient F  .     However, 

thr fact  that    F    is very small is  somewhat  indicative of a lessening of sta- 

bility due to this additio.-ial degree of freedom. 
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CONCLUSIONS 

The equations derived in this report, which are based upon the as- 

sumptions outlined on page 6 , adequately describe the  motion of a tandem 

hydrofoil system in smooth water. Analysis of the resultant equations, 

with the coefficients evaluated on the basis of theoretical hydrodynarnic 

formulas, indicates a duplication of the type of motion experienced in 

tank tests. The trend in the motion with oscillatory stability for a 

far-forward center-of-gravity location, damped stable motion at a center- 

of-gravity position near the middle of the configuration, and divergent 

instability at points further back indicates the validity of the theory 

developed herein. Therefore, for constant speed, the derived equations 

are sufficient for investigating the longitudinal dynamic stability. 

A preliminary study on the effect of including the x-equation in 

the analysis for the caso of varying speed indicates a lessening of sta- 

bility. This additional degree of freedom in longitudinal surging is, 

however, not too important in the present case, i.e., motion under an 

undisturbed free surface. It is of great importance though for the case 

of motion in waves where the waves cause variations in the forward speed. 

The equations developed in this report can be extended to a study 

of motion in waves and controlled motion, by employing the proper types 

of forcing functions on the right-hand side. Solution of the resulting 

equations in this case by use of the Laplace transform method will in- 

volve only additional algebraic operations. Further investigation of the 

present system for varied equilibrium conditions will enable an investi- 

gator to determine the proper stable range of operation for a particular 

design Tiaving fully submerged hydrofoils in tandem. 
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